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STRACT
Theoretical developments and confirmatory experimental results are
given for (1) an oscillator insensitive to temperature (over a limited

range) and (2) an oscillator with frequency proportional to pressure.

1. A Temperature-Insensitive Oscillator

For certain purposes it is desirable to have a pneumatic oscillator
whose frequency is relatively insensitive to temperature.

Mthough the speed of sound in free space is prcportional to the
square root of the temperature, the complex speed of propagation of a
wave in a duct is a function of the distributed inertance, capacitance,
and resistance.

The magnitude of the complex speed of propagation in a duct of
constant cross section is given approximatelv for small amplitude waves
by

le|t = = (1)
1 + Rz

w?L?

where ¢ = complex speed of wave propagation )
a = free speed of sound, proportional to pl/2
T = temperature

R = resistance per unit length of duct

w = angular frequency

L

= inertance per unit length

R and L in turn are given for a circular duct by

. 8nu
A2
D= p
A
where u = viscosity, approximately proportional to T3/“
A = area of the duct
p = density of the fluid used



On the basis of the ideal gas law,

where Rg is the gas constant for the particular gas used.

In terms of the temperature thnen,

lc|® = CA (2)

1
+
Z DN V2 D7
T we Ac p

where a| and a, are constants.

Inspection of equation 2 shows that for T = 0 and for T -+ =,
Icl = 0; consequently |c| has a maximum value at some temperature and
should be least sensitive to temperature in the vicinity of the maximum.

It follows that if a uniform duct is used in the feedback path of
the oscillator, the frequency will %we temperature insensitive if the
speed of propagation is temperature insensitive since

w = — (3)

where £ is the path length (which in many oscillators will be twice the
length of the duct used).

In general the uniform duct will not make up the entire path length
of interest. This, however, will affect the results only quantitatively;
i.e., there will still exist a range of temperature insensitivity.

It should be noted, however, that temperature insensitivity is
votained at the expense of pressure sensitivity. This can be seen from
equation 2 which shows that whereas for large A, the speed of propagation
is pressure insensitive, for small A, the propagation speed, and conse-
quently the frequency, becomes pressure sensitive.

Since |c| obviously is maximum when the denominator of (2) is a
minimum, for the sake of simplicity we seek this minimur



dD
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Setting this equal t¢ zero

hwz A2 p2

= (—\2/7
Tm = (=3, )2/ (1)

This gives the temperature Ty at which the magnitude of the complex speed
of sound will be a maximum for a given angular frequency w, static pres-
sure p, and cross-sectional area A.

The procedure for making the oscillator insensitive to temperature
in the vicinity of a given temperature T} is to let Ty = Ty of equation h,
This determines the required value of wAp. For a given A and p, this,
therefore, specifies w.

From equation 2, |c| is then given. Finally equation 3 is used to
specify 2. The frequency as u function of temperature is then of the form
of figure 1.*

We expect any oscillator, whether with lumped or distributed
parameters, to act similarly with temperature although in many ceses
the materials of the oscillator may disintegrate or melt before reaching
the temperature at which the frequency is maximum.

The frequency may be made even less sensitive to temperature by the
following procedure.

Let the feedback path length L = &) + £, + ... EP.

One can choose ducts of length &,, %,, etc, each of a slightly
different cross section so that for a given frequency, the speed of
propagation reaches its maximum at a slightly different temperature .or
each length. The frequency will then be given by

27
w = (5)
2, i, L
+ + o0 0 4 —
ler] el ey

*Figures 1 through 8 appear on pages 12 through 19,
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A simpler jrocedure {s to use a converging duct,

By use of this technique the curve can be flattened in the vicinity
or its maximum.

Actunlly tnis proced. {5 not necessary becaure small Jucts of
uniform cross section act in many respects 45 converging lucts. In
particular, because of the frictional effects, the Mach number, static
pressure, and static temperature are functions of position anlong the
duct; the Mach number increases and both the stati: pressure nnd the
static temperature decrense in the downstream direction. A: a result,
the speed of wave props tion is a function of nosition in the duct
and as the stagnation tenperature changes, the speed of propagation
increases in one part of the duct while decreasing in another part (if
the parumeters are proverly chosen).

Yquation Lk iz adequate for determining the region of temperature
insensitivi.y with A and p given; however, this may require excessively
long feedtack jaths, 1t is therefore advantageous practically to start
with a given length in which case the calculation is somewhnat more
cumbersorme .

From (2) and (3) we obtain

wh 21
W Ly —
(Gt = el = np TI/?
T we A p
or
[’.?'1‘7/2 1 ‘,!“._“;"-'-:--:I |‘ril{:1ﬂl:ll. -[-1‘
W o= - e S ¢ (6)
;"‘I.""( EP? . hh Fh‘ Ela

Ther procedure is similar to that previously used; 1i.r.,, the
temperature is found rrom equation 6 for which w/ is a maximum after
which A and p are chcson for a given L to make the temperature miximum
(i.¢., the regicn of insensitivity) occur in the vicinity of the
temperature at which operation is desired.

2. A Pressure-Controlled Oscillator

Fquation 6 shows that the oscillator may under certain conditions
be forced to osciilate at a frequency approximately proportional to the
pressure.  To do thig, it is necessary only to choose U, A, and p so that



the second term under the radical of rquation r is small compare! with
the first term, in which case

—
(12?7/2 hzr—’/? f)(:'ﬂ)l‘._tl/\l'xl‘
u)2 Sa + .+ (7)
SRS p2 2.2 pz i 82? (1
whence
(2“)? A 811/2
w 2 p (8)

l? T3/‘0 &21/2

which 15 the relation desired for a pressure-controlled oscillator. For
maximum sensitivity the coefficient of | in equation T should be made as
large as possible but with the restriction that the second term under

the radical of equation ¢ remain small compared with the first term. Since
? and A enter equation € as terms = *the fourtn degree but A is only of the
first degree in cquution 7 whereas 1 is of second degree, it follows that

a reduction of & keeping the ratio of A/L constant will result in a larger
coefficient of p without a change in the accuracy of the approximation.

It is useful to normalize equation 7 as suggested by J. R. Keto.
Returning to equation 1 and using the previously given values for R, L,
etc, Keto obtains

1/2 1/2
R (T L R A (9)
Wo /o
where
_ gara
wo— 2
and
ho= a o __Aa
S hep ? hingT F

A plot of w/wo as a function of n is shown in figure 2, where it is
seen that the relationship is approximately linear forn < 0.5.
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3. Exverimental Result

T™he: nscillator testeld is shown §in figure 3. ‘A Licdry amplifizr was
used because of (ts higher gain. Aporaelabls gain ic nesded 40 naz. U
for thw attenuaticn that occurs in the Weeilaey 1ime. WM S ive S0 L0
fact that a binary amplifier wat wussd, an Culputit that was alnost ik 1
was obtained because of the filtering action of the few it ar 1ine,

Figure % shows the experimental curve in <he viciinity of its maximunm
for tne oscillator whose treoretical curve® 1s given in flgurs 1. As
expected, the curve is flatter than th:» simple theory predicts protatly
for the reasons given; 1i.e., the Mach numier in the feedbacr line, and
consequently both temperature and yressure in the line are functions of
position,

The temperature regior. at which the frejuency pears Is shifted
appreciably from tie theoretical curve; however, error is to bhe expected
because of the many variables not tarxen into account; these include the
variations of Mach number with position, the capacitance of the ampli-
fier itself, the switching time of the amplifier, and the nonlinear
effects due to the waves being of large amplitude.

Figtre 5 shows that with a feedback line of smaller cross-sectional
area, the peik is shifted to lower temperatures as predicted, and the
frequency then decreases with increasing temperature.

In figure 6, the theoretical frequency/pressure dependence is
compared witl. the experimental values. The discrepancy between the
curves is not so great as that bpetueen theoretical and experimental
frequency peaks, but is undoubtedly due to the same causes.

In order to determine whether this effect occurs in lumped circuits,
the oscillator of figure 7 was tested. It was found that the feedback
resistance could be adjusted to obtain a frequency peak in the samc
temperature reg.on. The curve obtained in this case (figure 8), however,
is not as flat as when a duct is used in a distributed RC feedback
oscillator.

¥The curves of figures 1 and © are obtained using the equations
given in this paper and with the assumption that the Mach number in the
duct is unity; however, it should be noted that the Mach number may be
appreciably different from unity at the duct entrance and reaches unity
only at the exit. In addition, the assumptions under which equation 1 is
derived do not hold (small signals, constant viscosity); hence,
quantitative agreement is not to te expected.

11
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FREQUENCY CPS
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TEMPERATURE

INSENSITIVE

OSCILLATOR

L=12" 10= 0.023"

TEMPERATURE = BOO°F
THEGRETICAL CURVE o =emem—a—
EXPERIMENTAL CURVE o= cmmw e ome

| | | ] | | | ] |

34 36 38 40 42 44 46 48 50 PSIG
234.43 248.22 262.01 275.8 2B89.59 303.38 31717 33096 34475 KN/ M2 6
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PRESSURE CONTRCOLLED OSCILLATOR

=

Summary

A primary component in the development of a frequency modulating
system 1s the Pressure Controlled Oscillator which converts a pressure
signal from a sensor into an equivalent frequency.

This section describes the development of a PCO. A schematic g
shown with some perfamance test daia tn Figure 1.* This oscillator
has a linear relationship hetween signal input pressure and output
frequency with a conversion rate of over 800 cycles per second per
psi and a useful range of 80 cps, (+ 40 cps) when operating around
100 cps.

The oscillator 1s a feedback type that utilizes a change in jettransport
time to change 1ts f{requency. This is accomplished by the design of a
special feedback circuit to effect the necessary phase shift in the feed-
back loop to obtain the lincar r~lationship. The development of this
oscillator was preceded by a survey of the available types of pure fluid
oscillators. [he results of this survey indicated that the proportional
feedback type was most promising. A conceptional model was then
deve loped with the aitd of some experiments. The m~thematical study
determined the «~sign requirements for a linear characteristic.

Preliminary Lwvaluation

In the preliminary evaluation of oscillators, to determine which type
was most ‘ulted s a pressure controlled oscillator, four different
oscillator techniques were evaluated. These are

Feedback Oscillator
Coupled Control Oscillator
Load Sensitive Oscillator
Turbulence Oscillator

The operation of each of these oscillators 1s described beclow and 1s
followed by an evaluation of their applicability as a pressure controlle .

osctillator.

Feedback Oscillator

The feedback oscillator 1s shown 1n Figure 2. This device ;s similar
to the standard f{lurd amphfiers. The output signal 1s fer back anu

sFigures start on page J33.



applied as a negative signal at the amplifier's control port. The
amnlifier car be either a digital (bistable) device or a stream inter-
action proportional element. In the case of the bistable element, the
output signal is fed back to switch the jet. In a proportional element,
the power stream is ccntinually directed by the difference of the two
control streams and, therefore, the output is essentially sinusoidal.
The frequency of the feedback oscillator 1s determined by the transport
time of the stream between the nozzle and the collectors and by the
passive components in the feedback path. A bistable amplifier exhibits
a sawtooth characteristic in 1ts feedback path as the pressure builds up
to the switch level and then decays after the device changes state. A
proportional element has to have considerable phase lag in its feedback
path in order to oscillate. This 1s because the transport time of the
power jet from the nozzle to the output collectors is very small and for
a given frequency the phase lag is small. As a result, the feedback
impedance of thic oscillator must include resistance, inductance, and
capacitance components to obtain sufficient phase shift for the oscil-
lation to occur. The variable frequency characteristics are obtained by
using the transport time of the jet or its variance of entrainment which
will cause different switch levels for the bistable device.

Coupled Control Oscillator

The coupled control oscillator is a bistable element, Figure 3. This
element increases its frequency somewhat as the supply pressure is
increased. The frequency of operation depends on the resistance and
inductance and capacitance effects of the inter-connected control ports.
When the pressure is applied, the resulting jet attaches itself to one
of the sidewalls. This introduces, by aspiration, a negative pressure
in the control purt of this sidewall, and this pressure forces fluid to
move toward the low pressure control port. The time required to es-
tablish flow to the level that will release the power jet from the side-
wall is then determined by the sonic transport time and the response
time of the passive network which couples the contro: ports. By
raising the signal pressure, ps , a decrease in the pressure in the
attachment bubble occurs and as a result it increases the driving force
in the interconnection line. This increased driving force is dominant
and the time required to obtain the necessary flow tc switch the element
is decreased for high pressure signals.

Load Sensitive Oscillator

The load sensitive oscillator shown in Figure 4 is, in a sense, the
same type of oscillatoras provided in the feedback device of Figure 2
except that the feedback path is along the sidewall of the output
passageway. Again the power stream signal flow establishes itself on
one sidewall and a negative pressure in the attachment bubble holds the

23
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jet to the sidewall. However, in this element, as a pressure rises in
the loaded output passage, the attachment bubble is broken and the
power jet is released from the wall. The jet then attaches itself to
the opposite sidewall and the sequence of events is repeated. In this
type of element the time required for the pressure to break the attach-
ment bubble is determined by the output leg volume and the flow rate
into the volume. As a result, the time for a cycle of events to occur
decreases 3is supply pressure increases.

Turpulence Oscillator

The turbulence or Bell amplifier is used as a bistable element ind
changes state by a transition from a l!aminar to a turbulent flow regime.
This element is shown in Figure 5. These amplifiers an be made to
oscillate by a simple feedback connection. 1In this arrangement the
initial jet is laminar and the pressure recovery in the output is high.
This output pressure is fed back as a control signal to cause the
laminar jet to become turbulent. When the jet is turbulent the output
pressure is decreased. As the output pressure falls the control signal
is reduced below a certain level, and the jet returns to its laminar flow
condition. This device will change frequency somewhat as the signal
jet's Reynolds Number is increased but the time required for the laminar

condition to be re-established is the most significant part of the response
time.

Evaluation

In evaluating all the possible variable frequency oscillator approaches,
the classical feedback oscillator, shown in Figure 2, has demonstrated
that it is sufficiently stable to perform the desired function. Each of
the other approaches has definite drawbacks. The coupled control port
oscillator is relatively insensitive to signal pressure variation. This

is because the increased driving force obtained by the decrease in the
bubble pressure with increasing pres-ure is for the most part compensated
by a requirement for a high switching flow level. The result is that no
significant change in frequency occurs with increasing supply. The load
sensitive oscillator by its very nature is insufficiently stable, expecially
when coupled to ancther element which varies its load. In the turbulence
amplifier the switching cycle is primaiily governed by the recovery time
of the jet stream from the turbulent conditions. This 1s the predominant
effect. The frequency of oscillations are far below any transport time
that can be computed by the time constant of the feedback path. As a
result, this element is rather insensitive to supply pressure changes.

The evaluation concluded that the feedback oscillator provides the best
method to obtain a stable os~illator which will convert a signal pressure
into an equivalent frequency.




Feedback Oscillator

The feedback oscillator. can make use of either the wall attachment
phenomenon or the stream 1nteraction principle to attain the gain nec-
essary for oscillation. The stream interaction proportional amplifier

was selected pecause of its stability and because the jet transport time
could be used as a means to vary frequency. The bistable device seems
to be more susceptible to random noise a* the input. For example, if a
fluctuation 1s in or out of phase with the retuming control signal, the
element will change state early or late.

After some study and a iew tests, a method to obtain a proportional
variable frequency oscillator was devised. The basic concept of this
oscillator is a negative feedback in which the gain is greater than one

and the oscillation frequency is determined by the frequency at which the
phase shift around the feedback ioop is 180 degrees as described by
Bode's treatment of instability. The phase lag around the loop can be
considered to be made up of the transport lag and the phase lag of the
RLC components in the passive network. The transport lag is related to
the velocity of the fluid and, therefore, this decreases as the pressure
signal in<reases. Figure 6 shows graphically the phase angle frequency
relationship for the transport lag and the feedback lag. Note that the
phase shift of the transport lag increases with frequency and that the lag
introduced by the RLC components increases up to 180 degrees and there-
after remains constant. If these two phase lags are summed, they will
produce a phase shift curve which is zero at low fiequencies and increases
toward infinity as the frequency increases. At the point where the summed
phase shift becomes 1B0 degrees the unit is unstable and this is the
frequency of the oscillation.

If the pressure signal is increased, the transport lag decreases and hence
at any specified frequency the transport phase lag also diminishes. In
effect, therefore, the transport lag curve moves to the right with in-
creasing supply pressure. Now, for the higher supply pressure, the

phase lag components can be added and i* will be found that the point

at which the 180-degree phase shift occurs has moved to a high frequency.
This 1s the mechanism of generating a frequency dependent upon supply
signal pressure.

The next consideration is to determine the desiyn which will yield a
linear relationship between the supply pressure and the frequency. It
can be seen that the shape of the transport lag curve cdoes not change
with supply pressure but moves only from the left to right. However,
the RLC lag curve can be designed for various frequencies 1ind slopes by
choosing appropriate components of resistance, capacitance, and

25



26

inductance for the feedback path. A mathematical analysis was performed
to determine the feedback network necessary to obtain a linear character-
1stic.

Analysis

In order to analyze the oscillator's performance, the equation for phase
shift around the loop can be written: !

q)\*’(b?_ = N ()

and t herefore differentiating with respect to frequency

40 L 40 o
Aw Aw

Cbl - transport phase angle

(D,_— feedback phase angle

W - frequency
The first equation is necessary for an oscillation to exist. The
second equation is required if the oscillation 1s to have any frequency

range and not exist only at a unique point.

Assume that

(3)

P, "‘“w) (4)

where ¢, is the phase shift contribution of the transport time and
) ‘s the phase shift due to the feedback network.

¢ =V « |

The phase lag due to the RLC feedback network increases with fre-
quency. Therefore, the transport phase angle must decrease witn
increasing frequency to satisfy the condition of eguation (l1); the
total shift around the loop 1s constant at 1800. Inspection of
equation (3} indicates that the pressure must vary as frequancy to

a power greater than two if the transport lag is to accrease with
increasing frequency. Since relationships between pressure and
frequency other than linear were not of i1nterest, the feedback network A
must be designed to have a decreasing phase angle with i1ncreasing )



frequency. This can be accomplished by an RLC networn with a
leac-13ug compensation. In the frequency range wnere the phasc leca
1s effective, the network will have a <ecreasing phase angle with
increasing frequency.

For a linear pres ure controlled osciliator the transport pnase angle
will 1ncrease as Jfao . This can be shown by substituting
into equation (3). This substitution results in eguation (7).

P :U:?__:f% (9

If the transport phase angle increases as square root of frequency
then the feedback lag must decrease as the square root of frequency
to maintain the 180° phase shift around the loop. The uesign of the
feedbad: phase angle—frequency relationship governs the relationship
between the pressure and frequency.

The desired feedback network was obtained by usmg an RLC followed
by a lead-lag circuit. The electrical analog can be shown as follows:

o RT [ aw
Pl C‘T R, —TP°

The network relat'onship between PO/P“1 1s defined as:

Re ( Lac o4y

_(_)3. - R+R, R.
P

L K)
_‘L_LQS_*— M + R|L2C SL+ R\R1C+ L|+LL S‘*“
R+R, R +R, R +R, R+R, RAR,

Thiscan be simplified by actual values to the tollowing:

Ry Tts+|>

P - R+R
Pie i:: *%JS:S o \)(T‘S +\>

27



Since the time constant T} ., smaller than the ume constant T,
the phase rclationship appears as in Figure 7.

The feedback network has a decreasing phase lay between the fre-
quencles &J, and ws ., as snown. Incluagre on this ;lot are the
phase lag-frequency charactenistics for three input sigr.al pressures:

Py, P2, and P3. The associated frequencies atwhich the sum of

the phase lags are 180° are W), B W, and (Js, respectively.,

A more ygeneral analysis can be performed to show how tne functicaal
dependency betwcen pressure and frequency 1s determineda by the
feedback network. Eauation (2) defines the condition for the osciliation
to exist continuously at other frequencies. If thce definitionsof equation
(3) and (4) are substituted 1nto eaguation (2} the P vs wb functional de-
pendency on feedback design 1s determined.

To perform this substitution, assume that f (&) of equation (4) can
be approximated by the function

(D,_ : cbz_‘K“"n (6)

for the frequency range of interest.

Differentiating equations (3) and (6) with respect to frequency results
in the followmg expressions

Q/ZJ:[PZ~ PT e %’Bl (7)

n—| (8)

and J(b'_
dw

The sun  of equations (7) and (8) 1s the defirition of equation (Z).
Summing these equations and using the general pressure frequency
relation,

- -nKw

P=Aw™

The dependency of m on n 1s obtained. This dependency 1s
obtained by noting that the solution must be 1ndependent of fre-
quency. The relationship between m and n 1s:

m:?.(|-—n) (10)




For linear pressure to frequency characteristics n must egual | 2.
This means the phase angle due to the feedback network depends on
frequency 1n the following manner:

— — K [ (For the usecful range of this (1)
6= ¢ -~/

device)

Equation (9) defines the other pressure-frequency relationships that
can be obtained with a feedback network whose phase angle can be
approximated by eguation (b). These relationships are:

for P = 0w n = ls2
P=C/w n = 3/4
P=Cw no= 342

™M
The function P = QJ where m 1s greater than 2 can be obtained by
a feedback network whose phase angle frequency relationship 1s
defined by the equation:

sz - Koo

For the case, P =sz, the functional relationship cannot be obtained
because the transport .ag will remain constant, that 1s, independent of
frequency. This funct.on can be approached in the design of a con-
stant frequency oscillator.

The linear P vs (o relationship has a gain or conversion rate given
by
& |

——— -

2P E__"ﬁ-’s

The constant A depends on the other system constants and a mean-
ingful expression can be obtained by using equation (1). This ex-
pression 1S

VA

-9

Gain = Ao c P + \( (12)
e Jwo

The gain »r conversion rate depends on K, 1, Q , and W . K and

n are related to the damping ratio. As the dampling ratio increases n
decreases. This 1ncreases the conversion rate but <ince n 1s defined
for a hinear pressure-frequency characteristic, th oonent n does not
determire gain. These constants are related to the pressure range and
distance  ~2tween jet nozzle and receiver. In general, for a fixed 1,
the high *he operating frequency, which means the higher the pressure
range, the less the conversion rate.
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Development Tes's

The experimental approach was pursued to obtain a linear pressure
controlled oscillator with a useful range of 70 to 80 cps centered
at 100 cycles per second. This operating frequency was selected
because 1t can easily be handled by existing digital systems.

The experimental method was used as a means to determine the effects
of the non-linearity in the oscillator characteristics. It also permitted
some optimization to be performed. Several miror design variations
such as collector wiuiiis, distance between pcower nozzle, and receivers
were made to a silhouette that gave a nearly linear relationship. These
models were designed in silhouettes and fabricated by means of the
Optiform process. The elements were then tested by use of the hot
wire anemometer and a frequency to DC voltage converter. The test
arranagement is shown in Figure 8.

The test arrangement was designed to plot, on ar. X-Y recorder, the
characteristic relationship between pressure and frequency. The input
pressure to the oscillator was monitored by anemometer and a Statham
pressure transducer. The output frequency was detected by means of
a hot wire anemometer and displayed on the oscilloscope for visual
monitoring. The anemometer signal was also fed into the frequency
meter which gave a DC output voltage directly proportional to the input
frequency. The output of the frequency meter provided the other input
to the X-Y recorder. The typical X-Y plot of the performance of the
oscillator :s shown in Figure 9.

The exceptionally large noise 1s characteristic of the frequency-to
d.c. converter. The noise is the same when the converter is
driven by an electronic sine wave generator, so that this noise is

definitely not due to the pressure controlled oscillator.

The characteristic of Figure 9 1s linear. Figure 10 shows other charac-
teristics that were record:d. In the first case the frequency pressure
slope increases with increasing pressure, indicating that the effective
phase angle-frequency relationsnlp :s too flat (high damping ratio). The
second curve shows a decrease of slope as the pressure increases and
this 1ndicates that the damping 1s too low. Figure 1l shows still
another characteristic. In this figure the slope of the curve increases,
then remains constant, and then further increases. This effect is due
to the non-linearity of the resistance. Increasing the stream velocity
increases the resistance and thus increases the damping ratio. For a
limited range the increase in resistance is compensated by the reduction
of the damping ratio which results from the frequency increase, but in
this case the damping -atio was not completely compensated for by fre-
quency and therefore this :charactenstuc resulted. This difficulty can



be avoided by carefully designing the other time constant in the
feedback network. It 1s also 1mportant to remember the second time
constant 1s somewhat coupled to tne RLC circuit, and therefore this
influences the performance of the oscillator.

Frequency response tests were not formallv conducted but some tests
were performed which showed that the oscillator 1s capable of follow-
ing frequencies up to half its operating frequency with no difticulty.

Tests of frequency variation with temperature were conductec. Analysis
shows that the frequency should increase as the square root of the

total temperature but the test results i1ndicated that the frequency
increased in a manner somewhat less than this. This frequency tem-
perature test data is shown 1n Figure 12. In the system it is anticipated
that two oscillators will be used and both oscillators will be subjected
to the same temperature environment. As a result changes 1n frequency
due to temperature will not greatly influence the accuracy of the system.

Figure 13 shows a photograph of a PCO output trace. The upper trace

is a wave of 550 cps and the lower trace is a wave of 45 cps. These
traces were made with the same PCO element by reducing the size of

the feedback capacitance. Tligure 14 shows two traces of a linear
pressure-controlled oscillator at 80 and 120 cycles. Both traces are
essentially sinusoidal and very noisec free. Figure 15 shows an oscillator
performing at frequencies of 275 cps and 180 cps. The interesting part
of this figure is that each trace was repeated 50 times 1n the photograph.
This indicates the stability of the oscillator.

For a fixed oscillator element the feedback can be changed in order to
select the operating frequency. But, with a fixed element, higher
frequencies require. higher input pressures. For example, the element
shown in Figure 1 will oscillate at 80 cps for one inch of water pressure.
This same element will also osciliate at 500 to 600 cycles for one psi
input pressure, providec suitable resonant frequency changes were made
the feedback network. In general, high frequencies can be obtained with
low pressures provided smaller elements are used. And conversely,
lower frequencies can be obtained with high pressures 1f larger elements
are used.
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Conclusion

In summary, the pressuic controlled oscillator developed is an excellent
analog to digital converter. The reason for its excellence is its high
conversion rate, and noise free signal.

This element can be designed analytically and made to work in accord-
ance with design theories. However, some testing is necessary because
the fluid system is somewhat non-linear. The analysis presented shows
that it is possible for this element to perform different functions. These
functions are related to the feedback network design. In addition, if
the feedback network quality factor is sufficiently high, a very stable
frequency oscillator can be built. The one major advantage of this
device is that it is an AC device and can operate at extremely low
levels much more efficiently than DC or continuous flow devices.

For matching, this pressure controlled oscillator has an input pressure
range which is compatible with the vortex rate sensor. Figure | shows
that the gain of the oscillator is about 30 cycles per second for 1 inch
of water change of input pressure, and the freauency response of this
oscillator is at least half of its operating frequency; that is, about
50 cps.
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FLUID DYNAMIC &FralTo OF LiQUIDS IN cLASTIC TUBES
R.w. Basant and Y. Srianivas

Divislon of vontrol anglneering
University of oaskatchewan

PART A THZORY
ABSTRAST

in this pap=r a theoretical analysis {s mude of the frejuency
resnonsa of liquid flocw in an elastic line for a load at one ena and an
input oscillator at tne otlner end. interaction, transverse and .ongit-
udinal wave modes are anaiysed for tne system by linearizing tre gencral
partial differential equuticns of motion for the liguid and tne elastic
wute and bty superimposing second order effects on the first order
equations, The results yleld different superimposed resonant [requencies
for each wave mode and they should be valid within the bounds of tne
assumptions mada.

The dynamic operation of fluid state devices using liquids at
high pressure may cause significant wave eflects in tne cornecting elastlic
tubing. Zxcessive resonant oscillators could strongly infl.snce tne
performance of digital, on-of{ and proportional systems. ine phase lags
associated with wave mctlon may cause instability in closed loop ~ontrol
svstens since phase lags ol 180 degrees or more are easily obtained.
Finally, signal attenuation ana cispersion trat occurs in trunsmission
lines will reduce tno information conveyed and the power output.

witn finite disturbances in liquid fi.led elastic tubes, waves
zay be transmitted in several modes; each mode nas unique wave velocities
and damping characteristics. Usually the dominant wave effect for en

List of Symbols

eflective bulk moculus fur.ction defined in
phuse velocity h(xguv equation 27
A teM  Young's medulus =

Mmoo
il

J =
E. - g:{ viscoelastic damping 2 = //fj) ZJ_
modulus - 2V
Eg= M shear modulus L = load ead subscript
- : P = prossure
_ Tunction defined in )
§(x Jw) S aiaw o st P@F vressure asplitude
_ functiosn dafined in '
9(r , w) = equation 21 p = pressure perturbation



cillating liquid in an elastic tube is due to tre 1interaction of the
nertia cfrect of trhe liquid ar! the capacitanc, effect of the tubve.

e .iquid is sufficiently compressible tne combined capacitance effe
{ liquid compressibility and of tube compliince is used to analyze this
tyoe of wave motlizn., Other wave modes that have been observed in such
tems are the transverse and tne longitudinal waves 1n the elastic

0
ct

SYsSL
vude.

Tre probl:m of unsteady flow of viscous liquids in elastic
tebes 15 not a new one. inomson investigated dynamic liguid waves in an
infinite thin walleu tube. Morgan and Kielyz analysed unsteady viscous

flow in an inflinitely long elastic tube. Womersley-” re-exanined anc
extended the work of Morgan and Kiely for viscous flow in aan ela-tic tube
and applied the results w the case of blood f{low. Junnor‘, intorested

in acoustical systems, analysed the motion of the surrounding fluid when
pressure waves passed through an infinite tube, Dragos5 showed the
existance of a uniquoly establishea solution for the movement of a viscous
liquid in an elastic tube., Other authors concerned with wminor elastic
effects in {luid filled tubes have included the interaction type wave {n
their analyses.

In this paper linearized equations for tne flow of a viscous
incompressible liquid in an elastic tube are considered. The frequency
response of loaded and unloaded lines are analysed by considering the wave
modes separately. First, the interaction type wave is considered and then
the transverse and longitudinal perturbations are included.

List of Symbols (Cont'd)

I = radial space coordinate v = radial velocity per-
R = resistance coefficient " turbation amplitude
o, : 5 lé(fft)= axial velocity
R = resistance coefficient
perturbation A (vr) = axial velocity per-
d " turbation amplitude
R, = {nternal tube radius !
(%) = average axial velocity
EL = oxternal tube radius & perturbation amplitude
_ - _ axial spacial co-
¢ = time & orainnte
C(r(’“’t)-‘- radial tube dis- x = _/_/wz_ JRwW
placement (& >
u, (%) = radial displacement _ viscoelastic damping
r : amplitide 7 term
U.(xrl)= i ‘ i .
¥ ) axial tube displacement 7 - lamo's elastic com
Uyl¥) = 31191 displacement ?fflcxent
amplitude M= Lame's elastic co-
Vix)y = axial velocity ef{icient
anplitude U = liquid kinematic
\§07§)= radial velocity viscosity



2. THE BASIC PRINCIPLES

2.1 Assumptions

For tnis analysis of dynamic f.ow of a viscous liquic in an
elastic wbe the following assumpllons are made:

1. The motion is axially symmetrical.

2. Tne tube is elastic, nomogeneous and isotropic with viscoelastic
typo damping characteristics.

3. Tnoe liquid is incompressible with constant properties.

Lo Tne flow is laminar.

5. The body forces are neglected.

2.2 Thne Basic Differential Zquations

Using the above assumptions the basic principles yileld the
following partial differential equations:

for fluid continuity

Ve , %, W (1)
a'x+9r+7'o

for fluid momentum in the x direction

[ 4
M , VL IV, 2 5 _ La,(av,+9_% =0
S R LR R AL E S (e T /R )
for fluid momentum in the r direction

Vs , Ve . 1 9P (rV,.)) } o
ac"*vg’l/+v<9’7’*ﬁar U[ar{”c?f P

for tube momentum in the x direction

2 t \ 91(1" A QUr
P (o) %7{’{’ +(/?*/“/(awar oy afx)

Jtt
+/ (67 Uy - # Qfo) + DAMPING (4+)
ort or
List of Symbols (Cont'd)

© = 1liquid density = w e’

’ ¢ EJ -.*J‘*)E\
P = tube density % _ w‘/_______

0 = Poisson's ratio I £ +J2E,

W = frequency



for tute momentus in the r cirection
2
©o! U’

‘/aU \ 2'U,

" = 2 dUr )

ot = (Ar2m) *FSr T %) +HAM) 5ro%
ot At ;L“‘f DAMPING (2)

These egquations are simplAAiod by neglecting terms of second order or
nigher (seo Appendix 1) to give only

o Vx L 2P L R =0 (¢
5: Teox T )

wnere the linearized damping term H is theoretica.ly predictea in
appendix 2.

3. FREQUENSY RESPONSE OF FLOW XI“HJT” RAGSVERSZ AND LONGITUDINAL
LuBE WAVES

6
It can be shown that the pnase velocity ¢ of a liquid dis-
bance in an e.astic tube is governed by equation 6 and by the eguation

VT 17
591‘%9«' (7)

where ( = g;; < ?ﬁ; is the wave velocity of the interaction of
f,

liquid inertia and tube compllance

Combining equations (6) and (7) results in a damped wave eguation

2P LRI 2P

S ¥ s 5e T ¢ oxt (8)
Trnese two eauations (7
dist

7) and (8) deterwmine the frequency response of wave
urbances assumec Lo te of the form
pPlat) = Plx) o/t
J
Ve (xd) = Vix) R

Equations (7) and (8) may be rewritten in the form

;JV

Ny

J 2 - ;
and azP

> = 4+ 4P =0 (10)
¥
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O anJd L. recpective.y, tho pres.ure and ve.oclily responses are ontainoc

-

pLpw) . ) - L
— e w J
Plosm) ~ cos(ar) v [1B2 60t fowie)
‘ L o ,U(LJ‘A))
{
V,\L Jw : ) 2)
e  plt W) AN
cos (L, 2 =4 - {
\/X\O Jw) >+ ~ 8 Vr(TL;JW)
L JuJ, '
wnere ( ) {5 cefinea as tne ioad impeCance Wi.ich 'S
V)V\L 4w

an explicit function of load, inertia, capacitance ant: resistance as we.l
as wnhe frequency of osciliation. [he metrod of tneoreticalliy estimating
tne load impedance for a linear second order syster is given in Part B.

Two limiting cases cun be deduced from equations (V1) and (12).
Loaa impedance is infinite for a closed end pipe and tne velocity ratio
given by (12) becomes zero leaving the pressure ratio

pL o) [
plo,iw)  cos(al)

Similarly for an open end pipe, load impedance is zero and only the
velocity ratio is upplicablie, nence

Ve (L,49) /
Ve (0,4W) cos/a L)

L. FREQUERCY RESPONSE UF FLOW DUE V0 TRANSYIIOS WAVES IN THE TUBE

in aadition to the interaction wave of tube compliance and
liquid inmertia, transverse waves in the elastic tube may be induced in
pulsatile flow. Tne [first orcer terms {or transverseo waves with visco-
elastic damping reduces equation (5) to?

r
'l a(:/r 4+ O U, (13)
P 5 MM =

I raddal cdisturbances of the type

vaw T

U,.()’C/ = U,-(X) <
are considered, equation (13) may be written ir the form

9‘(—(,- \
Sxe T @*ur =0 (1
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where (Pl ) /O'Lu‘
Ey +ow &,

3

If wne bouncary conditions are taxe.. to o
3 R_\¢
U (o) = Po K‘r——t (/—d‘>+(lf0‘)(k9>4/: K, B
E (R}-RY) \

Ut) = O

then tho solution of (14) is
4y = K, B [cos(@x) - cor(pL) sin(e)] (15)

Trese radial oscillations of the tube wall must be accompanied by small
perturbations of tre muln axial flow. These perturbations in fluid flow
may be estimated by using the appropriate form of equutions (1%, (2) and
(3) in conjunction with equation (14) and its solution equatioa (15).

To predict the radial component of the velocity perturbation
the sacond order terms of equation (3) are takon as

O Vy &zl/r 1V, V,
J _ L oVr . Vr = 16
o0 U o o r e @ (16)

considering disturbances of the type |/ (YrC) M(yr)e equation (16) trans-
forms int.o

ort T 5r SRS © (7)

where the boundary conditions for this equation are

Vv,(x r=o0) = O

n, (X’r:R‘) o, j%r(‘Y)I‘:R.-)

The solution of (17) is

f(x,00) [ (KT) (18)

where ' ,&J.
K ’('*J) ZU
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vw K, P, [COSUP*/ —coT(PL) S'N(@d
I (xR,)

\
arﬂd ;()')JQ_)/ =3

From eguation {V,; and (2) tne axial component of velocity
purturtations cue Lo transverse osclilations may be estimated. He-
writing equation "1) in tre form

OVx _ _ OV~ ALy

o X or r
and substituting equation (13) into this ylolds

L NG s [S,N(cpx) + coT(@L) cos(@x)[ [ (KT)

" ¢ [, (xR,)

+ CONSTANT (19)

For small osciliations of fregquency & equation (2) may be written in
the lorm

', L oA JW __/_F_’_F’]:

Tre solution of this equation is

l_ o
v, © 9(x,IW) Lo(Kr) = TP 55 + CONSTANT (21)

where K< (’*J)‘/Z%

Tr.e boundary conaitions for equations (19) and (21) aro taken as
\
’

Q__A_J;\“)r’-o> = 0O
Sr

Finally wo get

Jw i, p K i (éx)+ cor(L) Cos(@X) I(kr) —IO(KR.)]
ST, (xR )[1-T,(<R.)]

where the everage axial periurcation v ity is

/19-—

R
;\’—_ — ZTTl‘t _f
Y TR,

o]
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=2 . VI el ‘fCorbtcwx¢gj
ok, mk [ R L(KR) ~ L(KR)[sm(@/ /

¢ sm(oL) LxR) [ -1, (xR)f

,U';::
(22)

- a . a9 9 /
Tne resulting axial pressure osciliations f) may be evaluated by re-
writing equation (7) in the form

- J'C:)’P/ (23)
o X 3
3K B K | % [(xR.) "Io(KR'XZCOS(QSX)"COT@L)S/N(QD)Q]
/ ; Po LK Ko+

o [<R) [1-1,0R)]

hence

/
Tne consequence of this equation is that the pressure response Fl//;é =0
Also from (23) it can be shown that tne ratic of iaput velocity to input
pressure is given by

_L./_o—- = — '_}_.(f)_ COT(¢L>

Po 8¢

hence eguation (22) may bo written as

% el o®) - LR]
VA = cos (L) L(f(/?,‘::- Io(kﬁ\?

5. FREQUZNCY RESPONSE OrF rLOW DUE TU LONGITUDINAL WAVES IN TH& TUBE

Longitudinal tube waves may be induced by several causes such
as viscous {luid shear on the tube wall or a load that is not fixed, etc.
Proceeding as in section 4 the terms in equation (4) of second arder for
longitudinal tube waves are given by’

4 3
r U _ Uy, trp DUk (24)
PG s A TE T T s

for oscillations of frequency «w this equation may be rewritten in the
form

&lu 2 _
5o F Y M =0 (z5)
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Consideriny only shear inauced oscillations witn the input end fixed and
trho load enc free tne distribution of shear fcrces may be estimatlec [rom
equation (2) in the form

| Sy }
&,L/r,r_“z_p_yolii-f_f_&;:o
dt £ Ix o rt roor
14
where the term él._‘ is consicered o!f third order. Considering
J x*
osciilations of the fom
)t
Ve(xrt) = {(xr) e
this equation rmay te written
¢
0_7__V+ V_Ji)v__/_aﬁ=o (26)
Jrt U PU Jx

P
rar
£

The toundary conditicns for this equation are tarxen as

Hence the solution is

v (xyr i) = h(xaw) [T kr) = L(<R)]

wvhere - 7 N
K= ! 'fJ)}é—a

™~
.

ne {unction L]/«]ﬂ0> may be formed f{rom equation (10) wrich glves
h('x')jw) = A/ sIN(ax) 4+ B cos (x x) (27)
Tho snear stress on the tupe wai. at re Fi' is tren
aL/x . P ‘ J'Lot
PY i Nex,Jw) KL (KR)ze
hence the lorce on the tube per unit length is

2R, h(xj0) k(KR o*"

I this forcing term is now included in the equation of aotion of the
tute we geot A
o U ¢ 2nR: n(x jw
= Y u, + — L( ’Jt)KI,/K/Q. =0
x e'm(RS - R)E (28)
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Tr.e boundary conditions for this equation are taken as

dUr (¥ = L
o X

The solution of (28) with the above boundary conditions is

L JW) = o

Co Ay siv (Y x) + 5, cos(yx) + 5‘1:_‘?‘ SN (o X)

+ B , cos(«x)

ql-y

finally the purturbation of the average axial f{low velocity
may be used in conjunction with equation (10) to give the frequency
response of pressure and veloclty for the longitudinal wave perturbation

—_—

g’iL = JVC:) A sin(PL) t B, cos(¥L) + 0(/3_' e s/:\/(azL>7“0(787';l cos(dLJ
Vo 0

(30)

)

! = A, \ 8, -
g: - % LAZ sIN(YL)+ B?_COS(W‘) "';T?;;z SIN (=L T T gt C°S(°”'2/
o o (31)

6. DISCYSSION OF THEORSTICAL RESJLTS

The theoretical results show that the “requency response of an
oscillating viscous flow in an elastic tube, including a load, can be
analysed, subject to the issumptions of appendix 1 using a linecarized
approach to the basic equations of motion. {he recsistance term of the
basic equation of axial flow (2) was lincarized in the form given as it
was thought that this approach could be readily extended to turbulent
{low or to non-Newtonian laminar f{low provided the resistance coefficient
R could be theoretically or experimentally evaluated. oSince womersley's
solution gives the same variation of & with frequency it was felt that
tne approach used in the analysis of the resistance coeff{icient R was a
valid one. OBoth the interaction and the transverse waves must be used
for the evaluation of the resistance coefficient. Also, it should be
noted that the main flow equations (7) and (8) have a simpler form than
those of tho other authors, but, some of this advantage is lost when
consicering the resistance coefficient or the other wave perturbaticns.
It would appear that the analytical approach used in this uay have some
slight advantage over other authors bocause of its simplicity and
generality.
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ind somuben it Lnks pager plelds lhe same result as ~Omersiey
for ine phase velocity of irme lntéractien wave. Thnl ls the pnase
welocl iy 0f tols wewe temds to zero &lsectlly witn freguvncy or Indhrectiy
wila viscoslity. For gerc wiscmsily or infialke {rsgupnty, tre solution
[ -el88 Lhy seme resu.t as Lamb’,  Thumlon An nLis paper has tne pnase
ve.ocdty of (imls wave teneinp: to e £imita ¢ '5Lant iU 18 nol xnown
whoon result is correct as exper.montal verificat is vary difficuat,

out (U is believed trnat tnhn results are valid for .
v

groatar than ono as confirmed by the erxperimental tests in Part B.
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APPENDIX 1
ORJZR OF MAGHITUDE OF BASIC TERMS

Rewriting the buasic equations and giving tho order of mag-
f the terms of tne equations we have:

For continuity
o Vy 1—‘;V} + e o
9 X or r

the terms are of order «J

For x momentum of the fluid in the form

DV 9x O Vy dVa , o IP [; o [y oY V] .
L AAN o i} . — — o Y| =l (re>X}))+<L 2] =0
J X T V"ax V. or L IX "(0"( 0')) Ix " J

thu terms are of order «WJC except thu convectdve accoleration

terms which are of order «J V.o,

For r momc.sum of the fluid in the form

_ ; at/
e 230y fa (55, (%) r $L )0

Ve In QPG
5x o€ TS TS e ar TV sy
(o U, )
the terms are of order ;7(i;¢r/mmx except the convective
accoleration tarms which are of order ké_max §Efﬁ)
R, \az

For the axlal and radial momentum equations for the tube the
radial derivatives are considered negligible, that is



(%ar'r)mx 2 {%})Mﬁx < < 1

(2% T /94s)
o K ) o X 1AM

5. Ffor fluid {low the folliowing assumption is made;

Vom\x L 7 Uy
[ 2> -C-;'-“ ) / 52/,%4{

APPENDIX 2
ZSTRMATION OF THe RISISTANCZ COEFFICIZHT

The damping effaects of shear forces in the main flow and of
radial perturbations of the transversas waves are estimated in this
section by considering the main flow and the perturbations separately.
longitudinal waves in the tube should not change the resistance co-
ef"icient appreciably. Tne main oscillatory !low is considerod to be
without a radial velocity component, whereas, the radial velocity per-
turbations are considered to be induced by the tube wall oscillations.

Similar to theo case of longitudinal wave perturbations in the
tube section the main flow is given by

hix,iw) [Io(xr) - IO(KE‘»)]

A comparison butween equations (2) and (6) show that the average velocity
Vi over a croads section is related to the avera;e viscous term in the

equations by E V7
/. - 1L 9%
’(‘;’ Vy - Z)[ a rl /

)"9;/

t may be shown that the resistance coefficient is given by
PR -’:i_f;L_Uif’«)
KR [ I, (kR = LK)

Similarly for the perturbation velocity given in the form as
Ziven in the section on transverse waves

A, = g(wa)[_[o(xr) —_[/KR-)]
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/ J 2 /7;Z/(U( fEZ)

3

2z — K
/(Rt[_/;_é". L (K/?() IO(K ‘)_/

Wnen the perturbation resistance ccefficient is related to the rain
flow the combined resistance coeffliclent becomes {cr no end effects

z“)zfalI/ [Kle‘) IO(K E-;) f %§ _JK' B K¢ cos(“?g.")
P Kk R. I(ék L («kR)-I,(¥ ?.-)72/""/10(’( K) L(xe;)[,.[o,me,-:‘?
Z;x 4 A I

K =

-—
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In this paper experimental resultis are presenteac for an
oscillating liquid flow i{: a lorg elastic tube witr ans withoutl load,

“ne frequency response of pressure ana velocity or each case i:

compared to the computed rasu.ts based orn the tnedry of Par’ ..
acddition the phase lags are also presented. Two uif{lerent v
wero observed in tne axperimental resultls, inteorecticon an: tran o T

These waves showed strong attenuation and alipers cn witn lrequ:ncy as
indicated hy the theory. Results are ; "asentd ia c.uensional and ncon-
dimensional form.

1. INTRODUCSTION

The analysis of an oscillating viscous flow of a ligquid in an
elastic tube is discussed in Part A.

In this paper results are presented for the frequency response
of pressure, velocity and phase lag o. a no load and a loaded elastic
transmission line using water as trensmission fluld. ihe experimental
set-up is dsscribed. Tho experimental results are presented in botn
dimensional and non-dimensional form and they are discussed as compared
to tne computed results predicted by the theoretical analyses of Fart A,

A great nunber of workers huve done experiments on trans-
mission lines, but very few have reported observing more than one typeo
of elastic wave. Only one group, D'Souza and Oldonburger1, has reported
observing resonanco with a second wave effect., Due to the type of load
they selected, an orifice, they got a longituainal wave resonance in the
tube. This was analysed by neglecting wall shear forces on the tube and
by including damping at the orifice but not in the tube. Tay lor?2
experimented with oscillating viscous liquids in a long rubber tube
terminating in a constant pressure reservoir. No resonance efflects
were observed in his system since, at high frequencies (up to 28 c¢/s),
waves were attenuated and at low frequencies the termination was
modified to eliminate reflection. Nconald? in his book, Blood Flow in
Arteries, discuises tho measurements of seovecral workers who have tried
to measure longitudinal extensions and radial extentions in arterles.
Wnile radial extensions are significant, it is difficult to draw
definite conclusions about longitudinal strains. Bassotté experimentally
tested the no load caso.
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2. ZXPERIMINTAL TEST SZTUP

The experimental test setup .Sc¢ Ls scnamatically il.u.irated
in Figure 1 for the no load case ani in rigure o for tne loaa ca, =,
Tne power supply was the same for .otu. caosecs A5 DyUrau -

rechanism using a iinear hydraullc cy.iacer for a load we :
actuate a piston that oscillated saline water in an elastic Luivic.

Figure 1 illustrutes the no load case where the elastic tube
discharged {luid to and from a reservoir at constant pressure. ror tn.s
case a natural rubber tube 2,.2 feet long'j/ié inches and 5/16 iacnes
inside and outside diameters, respectively, was used.

Flgure 2 i{llustrates the load case where the saline water was
used to actuate a column of mercury in a U-tube as snown. (nis simulates
a typical second order load. A 10.3-feer tygon tube was selected for
this case with inside and outside diamecters of 3/16 inches ard 5/16

inches, respectively.

The instrumentation was the same for ooth cases; velocity and
pressure were measured al input and output. Tne input velocity was
measured by a fixed induction coll with a moveable iron core atiached
to the hydraulic ram. [ne output velocity was measured by a full flow
elactromagnetic flowmeter. Both pressuros were measured by strain gage
type transducers. Transducer signals were amplified and recorded ou a
strip chart. OStatic and dynamic calibration of all the transducers
indicated that they had sufficliont accuracy, sensitivity and band-
width for all the test runs.
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3. THZ KO LOAD RESULTS

Flgures 3 and 4 prescnt the computed and the experimental test
results for the no load case. TwWo experimental runs were conducted for
this case; cne for low amplitude oscillations and anotner for nign

mplitude oscillations. 7ne amplitude of oscillation was helcd coanstant
within 5 percent for each test run. .ne exparimental pressure response
was zoro for the no load case, as preaicted by the tneory; hcence it is
not, presented. The theoretical vulocity frequency response for the no
load case is prosented for verious resistance coefficients in rFirure 3
by using zero load impedance. The phase lag for velocity with the no
load case are presented in Figure 4. 'The experimental results for phase
lag are within 5 percent of the computed results for both test runs.

The effoctive bulk modulus for this caso is estimated in
Appendix 1,

65



(s/2) AdN3ND3y4

o'l 00l o6 os 0L c9

€ SUNOId

Q2 ol

00

'

ALIJOTIA HIHH —=—
ALIDOT3IA MO -—-———

IVAIN3IWIH3dX3
$107d WIIL3IYOIH) ——

AN3I121443C3 3IJNVLSIS3E - N

AON3ND3IY4 'SA (QvOT ON) Oilvy

T

~ 8¢

T

o

120

T
o

o
o

2]
o

4]
°A /A - 01ivH ALIDOT3A

91

—_l||lul.,



£¢ os e

(S/5) AdN3ND3IN4
o st ofg 2 oz

7 MNOI4

L0

L T T

T T T T T

40 9V

T

-1 06

o8l

oL

o3¢

Ut r

-410vt

.. SVHd

oL9

oL

9V 3SVYHdJ

( 930 )

67



68

L. THS LOAD RESULTS

Figures 5,6 and 7 present the experimental and computed
results for the load case. an estimation of the second order linoar
load is given in Appendix 2. Hesults are presented in dimenslonal and
non-cdimoensional form in figures 5 and 6. The non-dimensional terms are
presented in appendix 3. T[Figure 5 presents the pressure frequency
response {rom the test results and from results computed :‘or various
resistancs coeflficients. Fipgure 8 estimates how the resistance co-
eficient should vary with frequency for tnis case. The velocity
response is presonted in Figure 6 for the load case in the same form
as Figure 5. Thne phaso lag is presented fc. >nly one resistance co-

{ficient for both pressure and veloczity in rigure 7. COther rosistance
coefficients would result in similar phase lag results.
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The: mesulits presented in twis pu
L cal analyses of Part A, aowcver, u nunber ¢
i ons should be noted., he {1 L
L ro ralatively long, and the
sliﬁ“tly avove zero and of moderate U
o sturbances may tend L0 cause sone discrepancy belween lie corouled

r(}q'-A‘J.'AC_'/ I’U.’.(:U Cols . Teretl Wit
- B v !
ancwictin,. 0 @daallion, 4 Lumled
-
PR 3y e B e Tl Al
Qeea Wi t,Xpt_I‘-r.’.C‘nqu 2o UAde WlC el

long wubes used, Nonlinear elastic benaviour could ce present cut it

~ ot v e .~ - * .-
e Us went ssonsidtsel wha Ll 15 UNe

st.ould be slightly different in the two different types cf tuhbes uased,
natural rubber and tygon. T[Figure 9 in Appendix 1 srowdnow Unc D.ia
o Flow aisturb.nices

oduius varies with pressure for the tygon tube.
cuc!. as periodic turbulence or cavitution could
cause of irregularities. These two effects may cause increased
resistance and capacitance. Cavitation was not orserved de-lng test
runs, but, it could have exdsted to a small extent at tne input «nd
wnere the {low could not be observec. No tests were concuctec for
turbulence, but maximum Reynolds numbers were kept below 5000 for tn
maxi mum velocity test run and 3000 for the lower velocity ampliitude
tost run.

t

The no load test results showed several interesting point
The resistunce coefficient increased witn frequency and witn arp.iituce
of oscillation. [hese effects are precicted by tne tneory altnougn no

computed results are pregented for this case. Tne oxperimental results
indicate that only the interaction type wave gave rise to any rmcasure-
able resonance effeocts and that tho phase velocity of this wave

remained nearly constant over the frequency rangoe consicdereac. The theory

also predicts the phase velocity nearly constant over this freguency
range. FPurther studies of tube properties will be necessary before
additional transverse or longitudinal wave resonance eflfects can be
predicted accurately;, however, the theory does predict tne resonance
frequencioes accurately when they do exist as in the load case

The load case indicated similar results to tne no load case.
The resistance coefficient increasea viin {rcquency amp.ituce as
predicted by the computed results in Figure 8. The sligat ciscrepancy
betlween tne two may be partially accounted for by tue fact that
darmping was not included in the load. The resultis ovtainea ner
similar to those of Taylor. The test resulLs indigute that oni;
interaction type wave resonance is present lor the pressure res s
whereas, both the interaction and the transverse wuve resonance wera
measured for the velocity response in Figpure 6. The test resu.t
that thoe phass velocity of the transverse wave liag increased mea
ably as indicated by the viscoelastic damped wave results corpute
this case. Longitudinal weve resonance, which woula nave cccurred at a
much higher frequency, givesno measu.eubxe resuit. 7Tne high duxp‘ng co=
efficients indicated in Figure 8 would tend to predict this result.

13



("

-

The computed results presented in all graphs are trougnt
to be very accurate except for a very small region whero w tenus
to zero. oome of the Bessel function ratioa were indeterminate at

w = Q.

APPE.DIX 1

THE EFFeCTIVS BULK MODJLUS

It i3 well known that when liquid is used in pipe lines, tne
elastic nature o!f the pipe lines decreases tre offeclive bulk moculus
of the liquid. Here a method is shown to estimate the effective bulx
mocdulus of the liquid using the equation for tube expansion as
applicable to thick cylinders under constart pressure witnout ond ellfect.
The radisl expansion 4u, of tre lnner radius R of the tube when
subjected to an internal pr ure change Ap 1is glven by

3 R \2
- ap Q, /'_ 4 l+(f(_.° - m d/b = K Ap
odr E E:—R"L(l e )R./ E ’

\

If a unit length of tube is considered, the change in fluid
volume per unit length resulting from the prussure Fb is given by

ay = 77[(/?‘ +au, )t - R"]
- Zn Au)' R( FOR R‘ >>Ab(r

C

zrrPo-’lE“-R-

The volumetric strain in the fluid and internal volume of the

tube is
v AV _ ap  zm
E R,

V - -Tr-r\;‘L 8/ AP

Hence thoe affective bulk modulus is
) + 2 m

i
e - ——‘I R
B G E R.
rigure 9 shows the thecretical effective bulk modulus of tne water in
the tygon tube for the ‘oad case. Curve A shows the linear case, Jurve
B shows the nonlinear case witn load pressure applied from zero to jo,

in one increment and final.y Curve C shows the effect of small incremonts.
Curve A was used for calculetiions.
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APPENDIX 2

LOAD IMPHEDANCE

Neglecting the damping effects of mercu.y in a glass tubs,
the forces acting on the mercu -y aro water pressure and gravity.

PLAL = m oWV + K, Ac._SVVL‘Jt
“or oscillating disturbances this can be rewritten

P (Jw) = 4- [m jw + KAl
L AL L Ju) L

The velocity ratio of the elastic tube to glass tube is given by the
area ratlo

EC O fif
VL Al.
Hence the load impedance 1is

PL(J"\)) ) J.[mL Ap W — Ks

P -

]
Vi (440) Al SO

APPENDIX 3

NONDIMENSIONAL TERMS

The interaction phase velocity ( gives a resonant frequency

2 C
Wn= 2 - Using ), a3 a reference froquency we get the
following non dimensional terms
wWn L w B K -R,
e ton Fct £ @n

Since the load must be matched to the tube for each case in which the
wave velocity anrd length are varied, the results should not be construed
as universal. However, if %&he load is matched to the tube conditions
a3 required by the pressure and velocity response equations, then the
nondimensional theory could be applied.




Liss of Sybols

AL = area of glass U-tube

Ap = elastic tube flow area

B = effective bulk modulus

8’2 bulk modulus of water

C = phase valornity of interaction wave
F = Young's modualus

)=

L = tube length

M = wass of mercury load

\G
1%

pressure
P_ = pressure at loac

Po = pressure at input to tube
K = resistancoe coefficient

Ky = gravitational spring constant
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v ™ P

speed o!f' sound

crocs-sectional area

subscript, upstream of nozzle
subscript, exit conditions

gap width

duct length

subseript, entrance coniitions
subscript, stagration conditions
Riemann variable

Riemann variable

subscript, atmospheric or reference conditions
specific enthalpy

time coordinate

flow velocity

distance coordinate

ratio of specific heats

form of Riemann variable
nondimensional space coordinate
nondimensional time coordinate

form of Riemann variable
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ABSTRACT

The theory of characteristics 1s applied to determine the tran-
slent response of rectangular ducts to a step input, The step input
1s generated by a unique film-snatching apparatus, The output pulse
of the duct 1s shaped by a nozzle termination and by the addition of
side hranches to the duct, Only subsonic flow is considered., Experi-

mental results that confirm the theoretical predictions are presented,
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charanteristice > the Lo
jevice operating or smal. ampli:.ie gigrals, inz I.rani: proper-
tlec can be determined zatisfactorily 'icing linesrize: egunti ms
and the ctatis performar.:e curves, However,6 tic-uile levics
genera, .y operate or large amplitide cigrals, whizh caise cizzaltle
reflections =t discontinuities and termirations. These ref estiovns
have been noted by Keto 1B and Y Katz, Jinston, aii Hawee 2
This t.pe of disturtance is present both in the amplifier proper a:i
in the connecting lines o~ ducte, Therefore it is especia.l. impor-
tant to consider large amplitude wives when tistable :nits are teing
staged,

The mass flow~ req ired to switeh a bistable amplifier is an

important parameter, Generally this f{low passes throuzh a rozzle o~

an orifice at the control input, T1n a static expariment the press.re

and {.ow at the control orn the attached side is slowl. i'crease?
until a switch is obtaired, Dynamic experiments at H'L have show:.

that switching can be accomplished at a lower steair-state conirol

pressure if the control irput is applied s.ddenly 1irstead of cradualily,

The swidden application of e signal is similar to the conditicrn that
axists when one bistable unit is being switched by the output of ar-
other tistable device, 1In such cases there can be periods when the
translent flow through the contirol port is greater tha: the steady-
state level, This difference is, however, not large enj>ugh to

accourt for the difference betweer static

o

nd dyramic swit~hing,
The ultimate purpose of this investigation is to obtair e
batter understanding of the dynamic pertforma:r.:e of tistat.e ampli-

fiers. Thls preliminary work, however, is conzerned only with the

[

o
-

o
A

1es,

[

effects of reflections of finite amplituie waves in ¢

-

A rigorous analvsis o>f the probtlem is not feasitle., However, b

.
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making sditable assumptiors, the prohklem car b trzated Yo rhe pethod

of churacterisztic

I many cases, Ll2gfs or slde hranches ars cerd In (lasis wepli-
fler svstens, These have Yeer ilseucied Lo Varrer, 30 agc ctlenlv-ct
load dercoupling devices, The efiect of tYleedc on imamic ciiral. i

not so well knowr, however, Ii thic paper, & ctuiy ic made >f the
effect of tleeds on the output velocity of a 3uct when the irnput
pressure 1c & step function, The flow out of the tleed 1tcell 1s
also considered, The analysi:  precsented here 1¢ restricted :o sut-

sonic flow,

WAVES AND REFLECTIONS IN [UCTS

Firndite amplitude waves and reflections are treated extensivel.

ty Rudinger (4,, Foau %), Shaplro 't), and others, Much of the

background for thic report 1c taken from their works, In some

fluid amplifier applicatlons, reflected waves may be uced to advan-
tage while in other instunces it may be desirable to eliminate them,
One objective of thle study 1s to determine the effect of geometric
changes on the shape of the output pulse,

The manner in which wuves of finite amplitude are rerlected de-
pends upon three major faztors— 1) the termination geometry,
(2) the environment into which the wave 1c propagatirg, ard (3 the
properties of the wave 1tself, TIf the end of the duct is cloced,
waves are refiected in a like sense, i,e,, compression as compression
and expansion as expansion, I the 3luct 15 completely opern at the
end, the waves are reflected In an unlike sense, Now consider the
duct to be terminated by a nozzle, In thls case both t.pes of re-
flections are possible deper.iing upon the nozzle ratio and the strength
of the incidert wave, The rnozzle ratio is defined as the smallest
cross-sectional area of the nozzle divided by the cross-sectional
area of the duct, It 1. apparent that by a proper matching of these
parameters, there may be no reflection at all from the termination,

The duct 1s then sald to be matched,



The eq.uatiore avsoclate ! with rorsieai. fluli 1w ure

oLplex
and are 2irtienly to solwe ¥ mnAl vigal procE®iurss, Soriawlily iRlene

1¢ avatlatle a grdapllcal or *merical sochadns wlupi&tlt 1o Fls

tope of protlem, Thiu method, mow. as the theory of characteristie

‘y Vi Dh e , i Sl
ls used 1in solving differerciul equtiorny,

when writing £luld cguations, one ma Select whizh of Teyeral
variglkles to use. 1In 1his case, 1t as keen fourgd edvantugrous 1o '‘Eg

the local speed of sourd, a, and the local particle speri relative
to the duct, :, Having choven the varlables it {2 now necsssary to
write the peruirent equations in terms of them,

The following assumptlors are maie:

1. orne-dimensional {low in the duct,

2, 1deal gas,

3. 1sentrople flow,

4, area unvarying with time, {,e, rigid walls,
Using these assumptions, the continulty equution may be written

in terms of a and u as:

2 da 2 da o d 1nA

+ + 8 = - gy —— °

¥-1 at 54"‘ax 0 x 0 x

where A !s the cross-sectional area of the duct,

The momentum equation is

o u du 2 da
+ U + a = 0

A1 A x T-1 Ox

2)

These equatiors may be comblned to give

8s



Ty iw desiratle o - WMibhsasionallze these equations,
{e ae-omplished througl, wr.litiplication Ly I ar Rudlnger, 4.,
where 1. 1y the length of the duct ard a,, {s the ambilent speed

of souni, e oltaln

: * : 2f 3-1 : -7 T f 4
- a = a 2
2T -1 Br ar ape 50 4 8y r a_ K
where
4 * ‘).(1\
= = T
9 L
o
and
8 ¥

T u'*I"r__ L] 5.b3

Tt is convenient to group the varilables in equation 4, The

new variatles thus formed are called the Riemann varlables, They

are defined as

P a u
Pz: + ',8\
¥-1 = a
r by
ﬂnj
2 a W
A —— c——— — —— O (f bB)
{ L o .
-1 =a a
U T T

Equations 4 mny now te written as

".fi

Qr L a P au 9 1lnA
Xa a, &, of ai o




and

o q 1 a o Q au  Q1lnA ooy
T Al R o &R
r

Trese two eq:ations ena®le :9 to golve same ursteady 'low protlems,

by choosing
A
ae i u . a g p°
g ¥ 8 a
r =
and
8! u a .
S = _ y \8,&:
3T a a
9 7
equations '7,a) and (7.t become
dp QP P df au 9 1rA N
. . . 9.8
. =
d? N d¢ dc az 37
and
“ Q Q af¢ ' 117
dQ _ ad ) QQ - au -a A o
dz a?: & T a; 37‘
Equatiorns (8,r) ard (8.,b) designate the P-characteristics and

[~ s BRI

P

descrile the behavior

This

*he Q-characteristics, .8' and

P

Equations

of the and Q waves alory these ~urves or characteristics,

will be of corsicerable renefit in solving wave reflection protlems,

“orsider the pro.lem sh ir figure 1,

~ n\-crva)-rv- |
LS TSR v
| - SHTFTTER
s 'A"/
Ef‘rﬂ\zl { }7
STWh T2 — BT _—
“{gure 1, Schematlc Drawing of Hoi.steady Flow

Protlem under “onsideratlion
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where the g:bseript

tior ' il1) represents

to *'e duct In term

cpenific hoot r
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\h
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referc to the erntrance conditions,

the constant energy ellipse for the er
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=
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This equation represents the constant energy level for ary stagnation
pressure, co we need to plot orly one ellipse for all corditions,
Figure 2 1llustrates this curve,

The btounaar; conditior at the duct ex!t must also be specified,

Thermod:namir relations yield

8 .y, - — -
P 2%/¢-1 RS T
=y ¢ L)
r r
where p 1s pressure, s 1s specific entropy, and the subscript
r denotes reference conditions, which in thils case are the ambient
conditions, Since an fcentroplc process 1s assumed, s = s

or

p (¥-12v) a
(Tr) =TT ) (15)

The boundary condition chosen 1s that the exit pressure, p_, 1s

e)
equal to the atmospheric pressure, p,.. Thus
e
- (10)
by

where a, 1c the speed of souni at the duct exit, The exit
relation 1s obtained by combining equations (6) and (11) for ¥ = 1.4
to yleld

Pe +Q =10 (17)

where the subscript e denctes exit conditions, Equation (17) is



5.5 /—(Pe s 8 = 9189
26+ Y150 - 5 B

n 3

+
f

oD

FIGURE 2, BOUNDARY CONDITIONS AT ENTRANCE
AND EXIT OF DOICT,



] Ly )} N .. ; 1 . g 1 ) . . (D=
thern the houpdary conditim: as te Jirt sxit { 2rme e lemn

vari.ltles, It ooy e rewritier ws

—a
r

g « 2 = 1<
5 I Y
w
which Is plso plotied for geveral vulies O ag 4, In ULoire o,
where up 1s the stagnatior speed of Couni, Hlven a purtic.lar
energy level at the source, the “ranclent flow atlthe opu:r en' DU ‘'l

duct mav now be determined from Ci{gure 2,

.

For exmmple, 1 the stagrutlon pressure at tho fdugt entreree

4 wr

Is pgy = 1.17 psig, the stagnution speed of sound le ylvern t.

a po.l ’7 - 1’
—2 . (— = oot Taon |
ar Py

Now calculate the strength of the initlal pressure wave i:nto the
duct which 1s filled with motiornless air, u = 0, To do thls the
starting point, denoted by scbscript 1, or the ellipse must be ob-

talned., From equation (t . b),

which lcrcates polnt 1 on the ellipse, As the pressure wave propa-
gates down the duct, # remains constant, Now it mu e determined
which of the exit condition lines 1s upplicable to - case,
Equation {8) glves

Q2 + ﬂz = = = 0 _galC
(_Q\ (21)
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which determines the locution »f polit 2 in flgure 2, Point 3 i
row regched by movirg alorg a4 corn.tant € line to the energys
ellipse, Polnt 4 Is determined by n sing along & constant O

lire to the exit cordfitton 2 - 8 = 9,831, This proceiure {: con-
tinuez un<il stealy state {c rewched at the {ntercectior. o! the
two boundar: condition linec, 3Sirce Yoth ¢ and 8 are known

at each poirt, the exit veloelty, u,, may be easily calculated at
each poin' also, Figuire 3 chows the time ilstance representatior
of the analysis desnribel above, This particular type of plot 1s

often referr

D

A to as a weve dlagram, The values of @ and 6
are shown for any poirt along the duct at any glven time, As one
proceeds up the time axis, the flow approaches cteady state and

£ and € approacl constarnt values,

The experlmental apparatus Jdesigned to test the theory is
shown in figure 4, A strip of ¢ilm covers the entrance of the duct
as the pressure In the source 1s ralsed to the desired level, Alr
flows out of the source and {¢ exhaucted at the gap between the
cource and the duct entrance, The film strip i: then brought into
contact with the motor-driven friction wheel, whi:h pulls the {ilm
through the {ilm gulde at & high cpeed, Typleal film speed ic

7€

approximtely fps., This means that the entrance to the duct

1s uncoverea 1in 0,25 to (,30 msec, This sudden opening allows &
step pressure wave to start down the duct, The flow at the exlit
{s meusured by a hot-wirc aremometer, Since the veltage-velocit:
plot is nonlinear for the type of 1Instrument used, one must con-
sider thls when observing ~he cxperimental oscilloscope plots,
The duct is a 0,.50- Yy C,25-in.rectungular channel, which was varied
in length from 1..5 20 27,¢% {in.in the experiments,

To _upply & duct of this size with conctant enery: reguires

a source with a very low impedance, Circe this was not avallatle,
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FIGURE 3, REFLECTIONS OF CHARACTERISTICS IN THE

OPEN-ENDED DUCT,

93



*SNIVHYLdY TYINIWIYIIXE M JUNOT S

— TZdHM NOIJOIYUd

()

e o
- HIONTT 1ond = 1 - IDUNOS
AOWENT
HIQIM 4v0= 9 ||| - INYISNGD

1ona
*
4qIND WIId
WIId

20



UCT OPEN

/ PRESSURE, =

h
&y

DUCT BLOCKE

PRESSURE,

- \
\
i
\
\
2.0 }— \
“-.\ P, = 1,17 psig
1,6 o=
== NO FEBDBACK
1,2 }—

0.8 —

3 bt

0 0.125 0,250 0.375 C.500

G, GAP DISTANCE (irn.}

’

FIGURE 5, FEEDBACK AS A FUNZTION OF GAP DISTANCE

0.625

95



- W

oy
of LY
1 MSEC/DIV
a SCILLOSECGPE PLOT
— — — EXPERIMENT
THE RY
40C p—
-
Q,C L S /-—-
7
(5
___ Y
. [~
LA p— /

—

t NMPARIS™N “F THEORY AND FYPERIMENT

~ e A o -~
IJ YRE & A LIFI ALA PJS "L.AAS

™
o)
.
x
<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>